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Abstract. Let (Ht)t>o be the Ornstein-Uhlenbeck semigroup on R d with 
covariance matrix / and drift matrix X(R — I) , where A > and R is a 
skew-adjoint matrix and denote by 700 the invariant measure for (Ht)t>a- 
Semigroups of this form are the basic building blocks of Ornstein-Uhlenbeck 
semigroups which are normal on L 2 (7oo) • We prove that if the matrix R gen- 
erates a one-parameter group of periodic rotations then the maximal operator 
7iiff(x) = swp t>0 \7itf(x)\ is of weak type 1 with respect to the invariant 
measure 7^ . We also prove that the maximal operator associated to an ar- 
bitrary normal Ornstein-Uhlenbeck semigroup is bounded on L p (7oo) if and 
only if 1 < p < 00 . 



1. Introduction 

Let Q be a real, symmetric, positive definite d x <i-matrix and let B be a 
nonzero real d x cZ-matrix whose eigenvalues have negative real part. Then for 
every t £ (0, 00] we can define the family of Gaussian measures jt on R d with 
mean zero and covariance operators 

(1.1) Q t = I e sB Qe sB " ds, t 6(0, 00], 

Jo 

i.e. the measures 

6rf t {x) = (27r)- d / 2 (detQ t )- 1/2 e -^ Q * %m '^ dA(ar) Mt £ (0,oo]. 
The Ornstein-Uhlenbeck semigroup is the family of operators {TLf ' B )t>o defined 

by 



(1.2) «r7(*)= / f(e tB x-y)d lt (y) 

on the space Cb(R d ) of bounded continuous functions. The matrices Q and B are 
called the covariance and the drift matrix, respectively. 

It is well known that 700 is the unique invariant measure for 1-cf' B and that 
(Tif ' B )t>o is a diffusion semigroup on(M d ,7 00 ) (see for instance [5]). Thus formula 
(|1.2[) defines a semigroup of positive contractions on L p (7oo) for every p > 1, which 
we shall also denote by (H.f' B )t>o ■ 
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In this paper we are concerned with the boundedness of the maximal operator 

n^ B f(x) = sup 
t>o 

It is well known that by Banach's principle (see [3]) this maximal operator is a key 

OB 

tool to investigate the almost everywhere convergence of TC{' f to f as t tends 
to for / in LP{ loo ). 

If the semigroup [Hf ,B )t>o is symmetric, i.e. if Tif' 3 is self-adjoint on £ 2 (7oo) 
for every t > 0, then H?' B is bounded on L p (7oo) for every p in (1, oo], by the 
Littlewood-Paley-Stein theory for symmetric semigroups of contractions on all L p 
spaces Is the result still true if we drop the symmetry assumption? In the 

same monograph Stein says that for general diffusion semigroups the condition 
of self-adjointness cannot be much modified. Indeed if one considers the semigroup 
of translations 7~ t f(x) — fix + t) on the one-dimensional torus T, for every p in 
[1, oo] it is easy to construct a function / in L P (T) such that sup t>0 \Ttf(x)\ — 
oo everywhere. Notice that (T t )t>o is a semigroup of normal, actually unitary, 
operators. 

However, in Theorem 14.21 below we show that Stein's proof of the maximal the- 
orem for semigroups of symmetric contractions on all L p (/i), 1 < p < oo, can be 
adapted to semigroups of normal contractions such that the generator of the semi- 
group on L 2 (n) is a sectorial operator of angle <j> < ir/2. Since the generator of 
the Ornstein-Uhlenbeck on L 2 (7 oc ) is sectorial of angle strictly less than tt/2 this 
implies that if (H.f' B )t>a is normal on i 2 (7 DO ) then the maximal operator is 
bounded on L p (7oo) for every p in (l,oo] . 

It remains to investigate the boundedness of the Ornstein-Uhlenbeck maximal 
operator Tt®' B on £ 1 (7 00 )- In Section|4]we show that Tt®' B is always unbounded 
on i 1 (7 00 ). This still leaves open the question of the validity of the weak type 1 
estimate 

loo ({xeR d : \H^ B f(x)\ >a}) < V/eL 1 ( 7oo ) Va > 0. 

Even in the symmetric case very little is known about the weak type 1 bounded- 
ness of the Ornstein-Uhlenbeck maximal operator. The only result which is known 
is for the semigroup with covariance matrix Q — I and drift matrix B = —I for 
which the weak type 1 boundedness of H?' B is due to B. Muckenhoupt [9] in 
dimension one and to P. Sjogren [lOj in arbitrary dimension. Sjogren's proof was 
subsequently simplified in [3] and [1] . The arguments in these papers easily extend 
to the case where B = —XI for some A > 0. However, already the case where B 
is a diagonal matrix with at least two different eigenvalues seems to require new 
ideas. 

In this paper we investigate the weak type 1 estimate for the maximal operator 
associated to the Ornstein-Uhlenbeck semigroup with covariance matrix Q = I 
and drift B = — R), where A > and R is a nonzero real d x d skew- 

adjoint matrix. The interest of these semigroups is motivated by the fact that they 
are the basic building blocks of normal Ornstein-Uhlenbeck semigroups. Indeed, in 
Section[2]we show that, after a change of variables, any normal Ornstein-Uhlenbeck 
semigroup can be written as the product of commuting semigroups of this form. 



n?' B f(x) 
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For these particular semigroups we shall prove two results. First we shall prove 
that the "truncated" maximal operator 



is of weak type 1 . Second, we shall prove that if the one-parameter group of 
rotations (e tR )t£R generated by R is periodic then the full maximal operator TL®' B 
is of weak type 1 . 

Finally we mention that, by using the results of the present paper, in [5] we 
have proved that first order Riesz transforms associated to the generator of these 
'periodic' semigroups are of weak type 1 . 

We now briefly describe the content of the paper. In Section [2] we characterize 
the generators of normal Ornstein-Uhlenbeck semigroups and we show that, after a 
change of coordinates, normal semigroups are the product of commuting semigroups 
with covariance matrix Q — I and drift B = —A (7 — R), with A > and 7? a real 
skew- adjoint matrix. 

In Section [3] we give an explicit representation of the integral kernel of these 
semigroups with respect to the invariant measure. We show that, modulo an or- 
thogonal change of coordinates, the semigroup kernel is the product of the kernel 
of a symmetric semigroup and some two-dimensional kernels. Ultimately, this will 
enable us to reduce the problem of the weak type 1 boundedness of the maximal 
operator to proving estimates of kernels defined on M 2 xK 2 . 

In Section [4] we study the boundedness of the maximal operator 77?' S on 
L p ("foc), 1 < P < oo , for arbitrary Q and B. We prove that the truncated 
maximal operator is always unbounded on 7 1 (7 00 ) and that, when the semigroup 
is normal, the full maximal operator is bounded on 7 p (7oo) , 1 < p < oo . 

Finally, in Section [5] we prove the weak type estimate for the truncated and the 
full maximal operator when Q — I and B = — A (7 — 72) . By the results of Section [3] 
the kernel of the semigroup is a perturbation of the kernel of a symmetric semigroup. 
When t is close to zero the perturbation is small and the kernel of the nonsymmetric 
semigroup can be controlled by the kernel of the symmetric semigroup. The same 
thing happens in the periodic case when t is close to an integer multiple of a period. 
This enables us to apply the results of [I] to prove the weak type estimate for the 
truncated maximal operator and of the full maximal operator in the periodic case. 



The Schwartz space 5(R d ) is a core for the infinitesimal generator £q,b of the 
semigroup {H.f' B )t>o on 7 p (7oo) for every p, 1 < p < oo, and 



By a result of G. Metafune, J. Priiss, A. Rhandi and R. Schnaubelt (see [8j 
Lemma 2.2]) there exists a linear change of coordinates in M. d which allows us to 
reduce the analysis of the operator £q,b to the case where Q — I and Q&J is a 
diagonal matrix. Indeed, let Mi be an invertible real matrix such that M\QM* = I 
and M 2 an orthogonal matrix such that M 2 MiQ 00 M^M2 — diag(Ai, . . . , Xd) ■= 
D\ for some Xj > 0. Then, if we take A7 = M 2 M\ and we denote by $m : 
S(R d ) — > S(M. d ) the similarity transformation defined by & M f(x) — f(M~ 1 x) we 




f(x)= sup H?^f(x) 



te[o,T] 



2. Preliminaries 



A?,b/= -tv(QV 2 )f + {Bxy)f V/e5(M d ). 
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have that £q,b = $m Ar b ® m where 

(2.1) B = -~D 1/X + R 

and R is a matrix such that 

(2.2) RD X = -D\R* . 

The invariant measure for the semigroup generated by £j B is 

d7 00 (a;) = (2^)- d / 2 (det D x )- 1/2 c-*< D ^ ' x ' x) dX(x). 

Moreover joc(E) = r y oa (M~ 1 E)) for every Borel subset E of R d and $m extends 
to an isometry of L p (7oo) onto L p (7oo). 

By (|2.ip we may write the operator £ l g as the sum 

(2.3) c IiS = c° + n, 

where £° — — ^(Dijxx, V) and 7?. = (i?x,V) are the symmetric and the 
antisymmetric part of £ 7 ^ on £ 2 (7oo)j respectively. Thus, the operator Cq b is 
symmetric on £ 2 (7oo) if and only if R = 0. 

Let (Ji I t ,B )t>o be the semigroup generated by £j ^ and 7ii' S the corresponding 
maximal operator. Clearly, 7i^' B is bounded on ^(700) or of weak type 1 with 
respect to 700 if and only if Ttl' B is bounded on £ p (7oo) or of weak type 1 with 
respect to 700 . Thus, the analysis of the maximal operator H* B may be reduced 
to the case where Q = I and Qoc = diag{Ai, . . . , Ad} for some Xj > 0. 

Proposition 2.1. Let B , D\ and R be the matrices associated to Q and B as 
in \2.1\) . Denote by £° and 1Z the symmetric and the antisymmetric part of £j B 
as in i2.3\) . Then the following properties are equivalent 

(i) the semigroup (H.f' B )t>o is normal on L 2 (joo); 

(ii) the symmetric and the antisymmetric parts of £ I B commute; i.e. 

[£°,ft]0 = O y<f>eS(M. d ): 

(iii) R + R* = 0; 

(iv) D\ and R commute. 

Proof. We claim that £* ^ = £° — 7Z. Indeed, on the one hand (£ )* = £° because 
£° is symmetric. On the other hand, integrating by parts, we get that 

TV = -K + (Rx, D^x) ~ tr R 
= -K, 

because tri? = and {Rx,D~^ l x) = since (RxjD^x) — (x,R*D x ~ 1 x) — 
— (x.D^Rx) = -(D^x, Rx) by (J2T2J) . 

The semigroup (H.f' B )t>o is normal if and only if its generator £q,b on £ 2 (7oo) 
is normal and this happens if and only if £j B is normal on L 2 (7oo) , i.e. [£ T B ,£* B }4> 

for all in S(R d ) . Now 

[£ IBl £l B ]=[£ + K,£°-n] 
=2[1l,£ }. 
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This shows that (i) and (ii) are equivalent. Next observe that 

(2.4) [JZ, C°] = - (V, i?V> + \{{RD l/x - D 1/x R)x, V). 

Hence [H,C°] vanishes if and only if (V,i?V) and ((RD 1/X - D 1/x R)x, V) both 
vanish, as can be easily seen by fixing any pair of indices j , k and an arbitrary point 
xo and applying the commutator to a test function <j> which in a neighbourhood 
of xq coincides with (x — xo)j(x — xo)k- Now, (V,i?V) vanishes if and only if 
R + R* = . Thus (ii) implies (iii) . To prove the converse observe that by (|2.2j) 
the identity R + R* =0 implies that R and D x commute. Thus also Di/ X and R 
commute. Hence [K, £°] = by (pO)) , Finally, if (iv) holds then R + R* = by 
(|2.2[) . This concludes the proof of the proposition. □ 

In the last part of this section we show that operators of the form £q,b with 
Q = I and B = w~{R — I) where a > and R is a d x d skew-symmetric real 
matrix, are the basic building blocks of normal Ornstein-Uhlenbeck operators. This 
motivates the interest in studying the maximal operator associated to semigroups 
generated by them. 

To simplify notation we write 

(2.5) C(a,R)=C I ^ (R _ I) - ^- ^<x,V) + ^(fe,V), 

Let (hf :B )t>o be a normal Ornstein-Uhlenbeck semigroup. By (|2.1|) after a change 
of variables we may assume that its generator is of the form 

£l,B = l A ~ 5<^i/a*>V> + (Rx,V), 

where R + R* =0 and R commutes with D x by Proposition (|2.1[) . Let a\ , . . . , ag 
be the distinct eigenvalues of D x and let 

D x = aiPi H a e Pi 

be the spectral resolution of D x . The matrix R commutes with the projections Pj 
and if we set Rj = 2aRPj then R* = —R? and R = ^L 53j=i ^j- Thus, denoting 
by Aj = tr(PjV 2 ) and Vj = PjV the Laplacian and the gradient with respect to 
the variables in PjW 1 , we have 

e 

C i,b =^2£( a j> R j)> 

where 

The semigroup generated by Lj % is the product of the commuting semigroups 
^ e tC(aj,Rj)^ t ^ Q g enera ted by the operators C(aj,Rj), j = 1, . . . , £, which are there- 
fore the basic building blocks of normal Ornstein-Uhlenbeck semigroups. 
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3. The kernel of the semigroup with respect to the invariant 

MEASURE 

For our purposes it is convenient to write the Ornstein-Ulcnbeck semigroup as 
a semigroup of integral operators with respect to the invariant measure 7^ . We 
recall that the Gauss measure with mean zero and covariance matrix Q t on M. d is 
the measure 

d^(as) = (27r)- d / 2 (detQ t r 1/2 e~^ la; ^dA(x) y t e (0,oo], 

where A denotes the Lebesgue measure. In the following, with a slight abuse of 
notation, we shall denote by the same symbol 74 also the density of the measure 
with respect to A . A simple change of variables in (|1.2p yields 

Hf' B f(x) = J h t (x,y)f(y)d loc (y) 1 

where 

(3.1) h t (x, y) = det(Q co Q^ 1 ) 1 / 2 e -M«rV fl *-vMe* fl «-v)Mg- l v,i,>] 

The main result of this section is that, after an orthogonal change of coordinates, 
the kernel of the semigroup generated by an operator of the form 

C(a, R) = — -Lfo V) + -L (Rx, V), 

with a > and R + R* = , can be written as the product of the kernel of 
the semigroup generated by its symmetric part C(a,0) and some two-dimensional 
kernels (see Theorem 13.11 and formula (|3.9|l ). To simplify notation, for the rest of 
this section we write C = C(a, R) and £° = C(a, 0) . Thus 

C a = U-±-(x,V), C = £° + ±(Rx,V) 

Henceforth we shall denote by (e tc )t>o and by (e tc )t>o the semigroups generated 
by C° and by C, respectively, and by h®(x,y) and ht{x,y) their kernels with 
respect to the invariant measure 

d 7 oo(a;) = (27ra)- d / 2 e"^. 

By the results of the previous section, the operator C° is symmetric and C is 
normal. 

To avoid having many a's floating around and to be consistent with the notation 
in [3], we fix a = 1/2. The formulas for arbitrary a > can be obtained from 
this special case by replacing t by t/2a and (x, y) by (x/\/2a, y/y/2a) in formulas 
(j3~2"l) and j331) below. 

The kernel of the semigroup (e tc )t>o is 

(3.2) ^Or,y) = (l-e- 2t r rf/2 exp{i 

The operator 1Z = (Rx, V) generates the semigroup of isometries e tn f(x) — 
f(e tR x) of LP^oo), 1 < p < 00. Since e tlz commutes with e tCo for every t > 0, 
the kernel of (e* £ ) t >o is 

(3.3) h t (x,y) = h° t (e tR x,y). 
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We shall exploit the facts that the matrix R is skew-adjoint and that the symmet- 
ric semigroup (e* )t>o commutes with orthogonal transformations to prove that, 
after an orthogonal change of coordinates, the operator C and the kernel ht(x,y) 
can be written in a more convenient form. 

First we consider a special two-dimensional case. For every real number 9 we 
denote by R(9) the 2x2 matrix 

e 

-9 



(3.4) 



R(6) = 



Let x A y denote the skew-symmetric bilinear form on R 2 defined by 

x Ay — xiy 2 - x 2 y\. 

Then 



(3.5) 



e tR ^x± 



= \x\ 2 + \y\ 2 + 2cos(t8)(x,y) ±sm(t8)x Ay Vx,y el 2 . 

2 . To simplify 



Now, consider the Ornstein-Uhlenbeck operator £(i,i?(#)) on 
notation henceforth we wr ite L B = C(±,R(6)). Thus 



c 6 = \a 



(x ) V) + (R(9)x ) V), 



is the operator with covariance matrix Q = I and drift B = —I + R{9) . By using 
(13. 2[) , (|3.3[) and (|3.5[) it is straigthforward to see that the kernel of the semigroup 
generated by Ce is 

(3.6) h\ (x, y) = h%(x, y) k te (x, y), 
where h^(x,y) is as in (|3.2p with d = 2 and 

f e~* 

(3.7) fe te (x, y) = exp I -— — ^ [(l - cos(i6>)) (a;, y) + sin(t0) x A y] 

Next we consider the case when the matrix R is a d x <i matrix in block diagonal 
form, with 2x2 blocks of the form (|3.4|) . Let n = [d/2] be the greatest integer 
less than or equal to d/2. If 9 = {6\,. . . ,9 n ) is in E n we denote by R(Q) the 
d x d block-diagonal matrix 

/ R(9i) \ 



V 



R{6 n ) J 



V 



R(9 n ) 



J 



according to whether d is even or odd, respectively. 

Assume first that d is even. Given a vector x in R d ~ (R 2 )™ we write x = 
. . . ,f„), where £ fe = (»2fe-ij %2k) € R 2 for fc = 1, . . . , n. Let £ e = £(±,i?(©)) 
be the Ornstein-Uhlenbeck operator on R d of the form 

(3.8) C e = — (ar, V) + (i?(6)x, V) . 

Then £e = + • • • + Cg n where each Ce k for k = 1, . . . ,n is a two-dimensional 
Ornstein-Uhlenbeck operator acting in the variables £/- = (x2fe-i,^2fc) of the form 

£ 0fc = - V fc ) + (J2(0*)&, V fc ). 
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Here A& and Vfc denote the two-dimensional Laplacian and gradient in the vari- 
ables (x2k-l,X2k)- 

Thus the operators Cg k , k = 1, . . . , n commute as do the semigroups generated 
by them. This implies that the kernel hf(x,y) of the semigroup (e t£e )t>o is the 
product of the kernels of the semigroups (e* ">> )t>o , k = 1, . . . , n; i.e. 

n 

hf(x,y)^Y[h e t "^ k , m ) 

k=l 

with £ fe = {x 2 k-i,x 2 k) and n k = {yik-i,V2k) hi M 2 , where h t k (£ k ,r)k) are as in 

HSU). 

If d is odd then Cq = C$ 1 + . . . + Cg n + C n +\ where Cg k , k — 1, . . . , n, are 
as before and £„+i is the one-dimensional symmetric Ornstein-Uhlcnbeck oper- 
ator — a;n+i9x»+i acting in the variable £ n +i. Thus the kernel ht(x,y) 
has an additional factor /ij (x n+ i, y n +i) , which is the kernel of a one-dimensional 
symmetric Ornstein-Uhlenbeck semigroup. 

In any case, regardless of the parity of d , by (|3.6[) we may write the kernel of 
e tCe in the following way 

n 

hf(x, y) = h° t {x, y) JJ he, (Cj,Vj) 
(3.9) =h° t (x,y) J] ka^rij), 

where hf(x,y) is the kernel of the (i-dimensional symmetric semigroup generated 
by iA — (x, V) and each k t g i is a two-dimensional kernel as in (|3.7[) . 

Finally, we show that the analysis of any operator C = \ A — (x, V) + (Rx, V) , 
where R is a skew adjoint matrix, may be reduced to that of an operator of the 
form Cq . As in Section [2l given an invertible real d x rf-matrix M , we denote by 
$a/ : C{R d ) -> C(R d ) the transformation defined by <$> M u{y) = u(M~ 1 y) . 

Theorem 3.1. Let n = [d/2] be the greatest integer less than or equal to d/2 and 
let C be the operator i A — (x, V) + (Rx, V) , where R is a dx d real, skew-adjoint 
matrix. Then there exists a dxd orthogonal matrix g and a vector & = (9\, . . . ,9 n ) 
with Oj > such that $ g £<i> ff " 1 = Cq . Moreover the kernels ht(x,y) and hf(x,y) 
of the semigroups generated by C and Cq , respectively, satisfy the identity 

h t {x,y) = hf{gx,gy) Var, y G R d , t > 0. 

Proof. The set a = {R(Q) ■ 6 €E R™} is a maximal abelian subalgebra of the Lie 
algebra so(d) of skew-symmetric dxd matrices. Since, by a well known result of 
Lie algebras (see [1]), every element of so(d) is conjugated to an element of a + = 
|i?(0) : O € R + "} , given a skew- symmetric matrix R there exists an orthogonal 
matrix g and a vector — (6%,... ,0 n ), with 9j > 0, such that R — gR(Q)g~ 1 . 
The identity QgC&g 1 = Cq follows, because the symmetric part ^A — (x, V) of 
the operator C commutes with <& g . 

This implies that <i> 3 e t ' c $~ 1 = e tCe for every t > 0. The identity between the 
kernels of the semigroups follows immediately from it. 

□ 
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4. Strong type estimates 

In this section we return to consider a Ornstein-Uhlenbeck semigroup (Ttf' B )t>o 
with arbitrary covariance Q and drift B . We prove that the truncated Ornstein- 
Uhlenbeck maximal operator T~t®' B T ^ is always unbounded on L 1 (7 oc ) and when 

the semigroup is normal the full maximal operator 7i* B is bounded on £ p (7oc), 
1 < p < 00 . 

Theorem 4.1. For all T > the operator H.®' B T ^ is unbounded on i 1 (7 QO ). 

Proof. Suppose, by contradiction, that T~C®' B T ] is bounded on L 1 ^^ for some 
T > . Denote by 7,30 the density of the invariant measure with respect to the 
Lebesgue measure. Let (/„) be a sequence of nonnegative functions of norm 1 in 
L 1 (7 oc ) which converges in sense of distributions to 7oo(0) Sq • Then there exists 

< C for every n. Moreover 
lim nf ,B f n {x) = lim / ht(x,y) f n (y) dry^y) = h t (x,0) 

n—^oo n— *oo J 

uniformly on compact subsets of W d . Thus, for n sufficiently large, 

n ?,\o,T]fn(x) > H? B f n {x) > h t {x,0) - 1 Vx e B({), 1) Vt S [0,T]. 
Hence 



a constant C such that 



njQ,B r 

rL *,[o,T]J n 



(4.1) / sup /i t (ar,0)d7 oo (x) < C. 

J\x\<i te[o,T] 

Now recall the expression of the kernel ht(x,y) given in (|3.1[) . Since Qt ~ tQ for 
t — > + , if t G (0, e) for some e > sufficiently small then there exist positive 
constants co,ci and ci such that 

M*-0) = (^^) 1/2 ex P (-i(g r 1 e*^,e tB x) 
> c t" d/2 exp 



> c r d/2 exp 




Thus if Id < 1 



sup ftt(x,0)> c sup r d/2 e- C2J T- > Ce \x\ d , 

0<t<£ 0<t<£ 

which contradicts (|4.1[) . □ 

The positive result for L p (7oo), 1 < p < 00, for normal Ornstein-Uhlenbeck 
semigroups follows from a more general result for normal semigroups of contractions 
on all LP -spaces, whose generator on L? is sectorial. Indeed we have the following 
theorem. 

Theorem 4.2. Let (X, /i) be a a -finite measure space. Let (Tt)t>o be a semigroup 
of contractions on L p (fi) for every p in [1, 00], which is strongly continuous for 
p < 00 . Suppose that each Tt is normal on i 2 (/i) and that the spectrum of the 
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generator Q on £ 2 (/i) is contained in the sector —Sg for some 9 € [0, 7r/2). Then 
the maximal operator 

TJ(x) = snp\T t f(x)\. 

t>Q 

is bounded on L p (/i) for 1 < p < oo . 

Proof. By examining carefully Stein's proof of the maximal theorem for self-adjoint 
semigroups of contractions (see [TI] p. 73-81]) one realizes that self-adjointness 
plays a role only in the proof of the boundedness on L 2 (fi) of the Littlewood-Paley 
functions 

if 00 9 HA 1 / 2 

<&(/)(*) = (J \t k D k t T t f{x)\ T j , Vfc = l,2,... 

However, the same result can also be obtained under the assumptions of the theo- 
rem. Indeed, let 



zdV z 

be the spectral resolution of — Q . By the spectral theorem for normal operators 

D k T t f = {-l) k ( z k e~ tz dV z f, 
Jsi 



where Sg = Sg \ {0} . Hence 



Thus 



A" 



\ D tT t m= l\z\ 2k e- 2t ***(dV z f,f). 
1st 



r poo 1 1 

\g k {f)(x)\ 2 dfx{x) = / / \t k D k t T t f{x)\ 2 ^d^x) 

't 2k / \D k T t f(x)\ 2 dn(x)^ 



o Jx 



\tz\ 2k e -^ z (dV z fJ)^ 



L r\tz\ 2k e'^^(dV z fJ) 
Jsj Jo 1 



2 

- /o „„„ a \2k "J 112 ' 



r(2fc) 

(2cos0) 2fe Jg+ ' 

r(2fc) 

(2 cos t 

because \z\ < (cos#) _1 Rez in Sg. This proves that / i— > gk{f) is bounded on 
i 2 (/i) . The rest of the proof is just as in pTj p. 76-81]. 

□ 

Corollary 4.3. Let (Hf' B ) t >o be a normal Ornstein- Uhlenbeck semigroup. Then 
the maximal operator TL® B is bounded on L p (7oo) for every p in (l,oo). 

Proof. By [7] the spectrum of the generator of (Ti.f' B )t>o is contained in a sector 
of angle less than ir/2. Hence the conclusion follows from Theorem 14.21 □ 
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5. The weak type estimate. 

In this section we shall prove the weak type 1 estimate for the maximal operators 
associated to the normal Ornstein-Uhlenbeck semigroup (Hf' B )t>o with covariance 
Q = I and drift B = J^(R — I), where a > and R is a skew-symmetric real 
matrix, i.e. for the semigroup generated by the operator 

C(a, R) = \ A - ±(x, V) + -L (Rx, V). 
2 2a 2a 

Namely we shall prove the following theorem. 

Theorem 5.1. For every T > the truncated maximal operator 

n*, [0 ,T]f(x) = sup \e tc ^f(x)\ 
te[o,T] 

is of weak type 1 . If the one-parameter group (e tR )teM * s periodic then the full 
maximal operator Tt^f(x) = sup t>0 le^ 01 '^ f(x)\ is of weak type 1. 

As we have already remarked in Section [3] we may assume that 2a = 1 , by a 
scaling argument. 

First we reduce the problem to proving that two smaller maximal operators are 
of weak type 1. For every subset A of W.+ denote by 7i* t A the maximal operator 
defined by 

H*, A f(x) = sup \e tc ^ 2 ^f(x)\, f G L\ loo ). 
teA 

If / is a closed interval in R + and P is a positive number, we denote by I p the 
union of PN-translates of I, i.e. 7* = {Jneni 1 + Pn ) ■ 

Lemma 5.2. Suppose that for some to > the maximal operator H* ,[o,t ] * s °f 
weak type 1. T/ien f/ie truncated maximal operator H*jo,t] is of weak type 1 /or 
every T > . //, furthermore, there exists an interval I in R + smc/i i/iai i/ie 
operator ,j is o/ weafc £?/pe 1 £/ien £/ie /mH maximal operator Ti* is of weak 
type 1 . 

Proof. First we show that if A is a subset of R+ such that the operator is of 

weak type 1 and B = \ \ i=1 [A + ti) is a finite union of translates of A then H* : b 
is of weak type 1 . Indeed 

n, B f{x) = sup \e tc{1 ' 2 ^f{x)\ = max sup |e (t+t ' )£(1/2 ' fl) /(^)l 
ies »=i,...,iv teA 

= max suple'^/^V^ 1 / 2 ^/^)! 

i=l,. ..,7V teA 

= max H+Ae^WWfix). 

i—l....,N 



Hence, for A > fixed, 



JV 

loo ({x G R d : H*, B f(x) > A}) < Yloo({x G M d : W*,A e*** 1 ' 2 '*) f{x) > A}) 



i=l 

c N 



<-^|| e * i AiAH) / | Ul(7ao) 

i=i 
C7V, 



■ : — ll/IU^ 
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because e**^' 1 ' 2 '^ is a contraction on L 1 (7 00 ) for every i = 1, . . . , N . 

The conclusion follows because the set [0,T] is a finite union of translates of 
(0, to) and K+ is a finite union of translates of [0, T] and P p . □ 

Thus we only need to prove the weak type 1 estimate for the operator T~C* tA 
when A — (0, to) an d A — it, for some to > and some closed interval / in M + . 
As in the analysis of the maximal operator for the symmetric Ornstein-Uhlenbeck 
semigroup (e t£ ( 1/,2, °))t>o (see [4]), we shall decompose each of these two maximal 
operators in a "local" part, given by a kernel living close to the diagonal, and the 
remaining or "global" part. To this end consider the set 



L = 



{(x,y) eR d xR d : \x-y\ < min(l, \x + y\ *)} 



and denote by G its complement. We shall call L and G the 'local' and the 'global' 
region, respectively. The local and the global parts of the operator H* a are defined 

by 



K; A f(x) - sup 

teA 

(5.1) W?; A b /(z)=sup 



ht(x,y)l L (x,y)f(y)dry(y) 
h t (x,y)l G (x,y)f(y) dj(y) 



where 1l and 1q are the characteristic functions of the sets L and G respectively. 
Clearly 

H %A f(x) < H l ° A f(x)+Hf$f(x). 

We shall prove separately the weak type 1 estimate for H l ° c A and Hf° A . 

First we deal with the local part. We shall actually prove that for all Ornstein- 
Uhlenbeck semigroups (Ti.t)t>o > without restrictions on covariance and drift, the 
local maximal operator H)? c = Ti l °^ is of weak type 1 . 

Lemma 5.3. Let (Ti.t)t>o be a Ornstein-Uhlenbeck semigroup with arbitrary co- 
variance and drift. Then there exist positive constants c and C such that for all 
(x, y) in the local region L 

(5.2) h t {x 1 y)<G{l-e~ t )- d/2 l^y)- 1 exp ^-c^f^ Vt > 0. 

Proof. Since the real part of the eigenvalues of B is negative, there exist positive 
constants a < (3 and C such that C^ 1 e 2as \x\ 2 < C Q \e sB * \ < e 2(3s \x\ 2 for all 
x £ M. d and all set. Thus, by (|1.1|) there exists a positive constant C such that 

CT^l - e _ *)J <Q t < C(l - e _ *)J Vt e (0, oo]. 

and, by (|3.ip . there exist two positive constants c and C such that 

' \e tB x — y\ 



(5.3) h t (x,y) <C(l-e- t )- d / 2 7oo (y)- 1 exp ( - C i" 



1 



>-t 
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Now, for all (x, y) in the local region L 

\e tB x-y\ 2 = \x-y+{e tB -I)x\ 2 

= \x- y\ 2 + \(e tB - I)x\ 2 + 2{x - y, (e tB - I)x) 

> \ x _y\f_ 2 \\e tB -I\\\x-y\\x\ 

> \x - y\ 2 - C(l - e-*), 

because \\e tB — I\\ < C(l — e - *) and \x — y\ \x\ < C in the local region L. □ 

Proposition 5.4. Let {TLt)t>o be a Ornstein-Uhlenbeck semigroup with arbitrary 
covariance and drift. Then the maximal operator TL l ° c is of weak type 1 . 

Proof. By Lemma 15.31 one has that for each / > 

n l rf(x)< C sup s~ d ' 2 f e- c ^l L { Xl y)f{y)&\{y) 

0<s<l J 

= Wf(x), 

say. Since the operator W is of weak type 1 with respect to the Lebesgue measure 
and its kernel is supported in the local region L, the conclusion follows by well- 
known arguments (see for instance [H Section 3]). □ 

Now we turn to the proof of the weak type estimate for the global part of the 
maximal operator associated to the semigroup generated by the special Ornstein- 
Uhlenbeck operator 

C(l/2,R) = ±A-(x,V) + (Rx,V), 

where R is a skew-symmetric real matrix. 

As in Section [3] we denote by ht{x,y) and by h®(x,y) the kernels with respect 
to the invariant measure of the semigroups generated by £(1/2, R) and by its 
symmetric part 

C° = U-{x,V), 

respectively (see 13.21 and I3.3[) . 

To estimate the semigroup kernel in the global region, it is convenient to simplify 
the expression of h®(x,y) by means of the change of variables in the parameter t 
introduced in [4]. We denote by r the function defined by 

(5.4) T ( s )=logl±l SG (0,1). 

1 — s 

Notice that r maps (0, 1) onto K + . It is straightforward to check (see [1]) that for 
all s in (0, 1) 

(5.5) / i ° (s) ( a; ,y) = (4 S )-' i / 2 (l + S ) d e^^-3( s '^l 2+ il a; - ! 'l 2 ). 
Next, as in [1], we introduce the quadratic form 

(5.6) Q s (x,y) = \(l + S )x-(l-s)y\ 2 , x,yeR d . 
Thus 

s\x + y\ 2 + -\x~y\ 2 = -Q s (x,y)-2\x\ 2 + 2\y\ 2 . 
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and 

(5.7) h° r{s) (x,y) = S - d / 2 exp! { \x\ 2 -^-Q s (x,y)\ Vs e (0, 1). 

Lemma 5.5. If to > is sufficiently small, there exists a positive constant C such 
that for all s in (0,r _1 (t )) and all (x,y) in R d x R d 

(5.8) K (s) (x,y) < Cs~i e^ 2 ^ 2 ^^. 

Proof. Let n = [d/2] . The right hand side of the inequality to prove is invariant 
under orthogonal transformations. Hence, by Theorem 13. 1[ it is enough to prove 
the inequality for the kernel hf (x, y) , with 9 = (Ox,..., 9 n ) € M. n , 9j > 0. 
By §M and ifSTf]) 



hf (s) (x,y) < s- d ^exp(\x\ 2 -j-Q s (x,y)\ J[ K^o^Vi), V* 6(0,1), 

where £j = (x2j-i,X2j) and rjk = (y2j-i,y2j) are in M 2 and each k t e j is a two- 
dimensional kernel as in (|3.7p . 
Define 

(5.9) M s (x,y) =expl—^-Q s (x,y)\ J| fc r(s) „. (£,-, 77^). 

Then 

hf M (x,y)< s ^exp\\x\ 2 --^Q s (x,y)\ M s (x,y), 



and to conclude the proof of the lemma all we need to show is that there exist a 
so > sufficiently small and a constant C such that 

(5.10) M s (x, y) <C Vs € (0, s ) V(x, y) e R d x M d . 

Let us denote by Qi m ' > the quadratic form defined in (|5.6[) when considered as a 
function on R m xR m . Then 



YTj=i 2« 2) (£j > %) if d is even 

ELi Qi 2) fe,?yj) + Q?~\x n+ i,y n+ i) if d is odd. 



Thus, since Qi" 1 ' is nonnegative, 



M s (x,y) < Y[ \ -^-Q^{^,Vj)\ K^e^j^j) 

regardless of the parity of d. Hence we only need to show that each factor is 
bounded, i.e. that for every 9 > there exist sq E (0, 1) and a constant C such 
that for all (x, y) € M 2 x M 2 



(5.11) 



exp|-^Q s (a;,y)| k T { s )e{x,y) <C Vs e (0,s ), 



where now Q s = Qs , for the sake of brevity. 
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To this end we fix f3 in (0, 1) , we let S be a constant in (0,1) to be chosen later 
and we denote by i? = d(x, y) the angle between the two vectors x and y . The set 
IR 2 x IR 2 is the disjoint union of the five sets 



Ri 


= {{x,y) e I 


R 2 x I 


R 2 : 


(x,y) < 0} 








= {(x,y) e I 


R 2 x I 


R 2 : 


(x, y) > 0, x A y > 0}, 






R 3 


= {(x,y) e I 


R 2 x I 


R 2 : 


(x,y) > 0, x A y < 0, \x — 


v\>P\v\h 




i?4 


= {(x,y) e I 


R 2 x I 


R 2 : 


(x,y) > 0, x A y < 0, \x — 


v\<P\v\, 1 


sintf| > 5}, 


#5 


= {(x,y) g i 


R 2 X I 


R 2 : 


(x, y) > 0, x A y < 0, \x — 


v\<P\v\> 1 


sin$ < <5}. 



We shall prove that 1|5.11[) holds in each region Rj , j = 1, . . . ,5. Note that by 
(1X71) and (53]) 

(5.12) k T(s)8 (x,y) = e - L ^l(^°<r(s)e))(x,y)+sin(r(s)e)xA V ] 

and that the function s i— > r(s) is positive and increasing in (0, 1) and r(s) ~ 2s 
as s — > + . To prove the estimate in i?i , we observe that there exists a constant 
C\ such that 

(5.13) fer(.)fl(a!,tf)<exp{Ci|a:||y|} Vr, y e R 2 , Vs e (0, 1). 

Since Q s (x,y) > (1— s 2 )(|a;| 2 + |y| 2 ), because (x, y) < in i?i , we have that if so 
is sufficiently small 

(5.14) - J!-Q a (x,y)+Ci\x\\y\ < V(x,y) G R u Vt G (0,s ). 

40 s 

Together (1533]) and ((511)) imply (|5TT|) in i? x . 

The proof of (|5.11|) in R 2 is straightforward, because in this region Q s (x, y) > 
and k T{s)e (x,y) < 1. 

Next suppose that (a;, y) is in i? 3 . Since (a;,y) > 0, there exists a constant C 2 
such that 

K(s)e(x, y) < exp (C 2 | a; A y\ ) 

(5.15) = exp (C 2 \x\ \y\ |sini?| ) Vs e (0, 1). 
We claim that there exists sq £ (0, 1) such that 



(5.16) 



JLq s ( XiV ) + C 2 \x\ \y\ |sintf| <0 Vs G (0,s ), 
40 s 



To prove the claim first consider the case where \x\ > \y\. Then Q s (x,y) > 
\x — y\ 2 and hence, since \x — y\ > | sini?||a;| and \x — y\ > (3\y\ , 

-^- s Qs(x,y)+C 2 \x\\y\ |sin0| < (-^L-p + C 2 \ \x\ \y\ |sintf| < 0, 

provided that s < 40 9 p 2 . 

Next consider the case where \x\ < \y\. In this case we have that Q s (x,y) > 
\x - y\ 2 - 2s|y| 2 . Thus, since \x\ < \y\ and \x — y\> /3\y\ , 
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40 s 

provided that s < 



Q s (x,y) + C 2 \x\ \y\ |sintf| < 

9/3 2 



40 s 



D 2 



20 



Ci \y\* < 



40 C2 + I8 
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Thus (|5~T6|) holds for all (a:, y) in R 3 with s < min| i |^, ^^ j. Together 
(j5T5)) and (j5l^)l imply (f^TT]) in R 3 . 

The proof of estimate (15.11|) in R4 is similar. Indeed, first of all (|5.15|) holds in 
i?4 because here too (x, y) > 0. Moreover, arguing much as before, one can show 

that (|5. 16[> holds also for all (x, y) in R4 with s < min j ^ , 40 ^ +18 1 ■ The 

only difference is that one uses the estimates 

Q s (x, y)>\x- y\ 2 > (sintf) 2 \x\ 2 > 6 2 \x\ \y\ 

when |a;| > \y\ and 

Q s (x,y) > \x - y\ 2 - 2 S \y\ 2 > (sintf) 2 |y| 2 -2s|y 2 | > (S 2 ~ 2s) \y\ 2 

when \x\ < \y\ . We omit the details. Notice that, so far, we did not need to impose 
any restriction on 5, which therefore could be any number in (0, 1). 

It remains to estimate ht{x,y) in R§. We observe that since r(s) ~ 2s as 
s — > + and (x, y) > and x A y < in R$ , by (|5 . 12[) there exist so > and two 
positive constants cq < 2 < c\ such that 

-co— s(x,y) -ci-x Ay > Vs e (0, s ). 

Moreover, we can choose Co and ci as close to 2 as we want, provided that we 
choose so sufficiently small; in particular, we may take 

(5.18) cl/co < 18/5. 

Now we are ready to prove estimate (|5.11[) in i?5 . Define 

By (EUD 



9 

E s {x,y) = -j^Q s {x,y) - c 9 2 s 2 (x,y) ~ c^sxAy. 



cxp j^^S^,!/) j k T(s)e (x,y) < exp ^^-E s (x,y) 

Thus, to prove (|5. 1 1|) in R5 it is enough to show that 

(5.19) E s {x,y)<0 \fse(0,s o )\f{x,y)eR 5 . 

provided that so , /3 and S are sufficiently small. 
Observe that 

E s (x, y) = A(.t, y) s 2 + fi(x, y) s + u(x, y), 

where 

9 

18 

MO, V) = -]^(\y\ 2 ~ \ x \ 2 ) -cid xA y, 

v{x,y) = -^\x-y\ 2 . 

It turns out that, instead of E s {x, y) , it is more convenient to consider the function 
\x\ 1 |y| 1 E s (x,y) because the latter function depends only on the variables s, 



NON-SYMMETRIC ORNSTEIN-UHLENBECK SEMIGROUP 



17 



X = \x\ I \y\ and ■& = xy . Indeed, if we denote by \1/ the function denned by 

V(s,x,y) = (a,X,4), 

(5.20) Ixr 1 \y\~ l E s (x,y) = F(*(a,x,y)), 
where 

(5.21) F(a, X, i?) = X(X, tf)s 2 + fi(X, &)s + i>(X, d), 
and 

A(x, y) = - ^ (X + X- 1 + 2 cos ■&) - c 9 2 cos i? 
1 8 

jl(x,v) =— (X- 1 -X)- Cl 9smd 
u(x,y) = - A(x + X- 1 - 2costf). 

It is easy to see that (0, 1, 0) is a critical point of F and the Hessian V 2 F(0, 1, 0) is 
definite negative because c\ — < by (|5 . 18[) . Thus (0, 1, 0) is a local maximum 
of F and, since F(Q, 1, 0) = there exists a neighbourhood U of (0, 1, 0) in which 
F is < 0. Now, since 

*((0,s ) x R 5 ) C {(a,X,0) : s e (0,s ), |X - 1| < 0, -S < sm(#) < 0}, 

we can choose So, and S so small that ^((0, so) x R5) C f/. Hence Fo v[> < in 
(0, so) x i?5 . Thus (|5.19| is satisfied and the proof of the lemma is complete. □ 

To prove the boundedness of the non-truncated maximal operator we need to 
assume that the one-parameter group (e tR )t&si generated by the skew-adjoint ma- 
trix R is periodic. We recall that if / is an interval contained in M + and P > 
we denote by Ip the set U ne ^(I + nP) . 

Lemma 5.6. Suppose that the skew-adjoint matrix R generates a one-parameter 
group (e tR )t£M which is periodic of period P . Then there exist an interval I and 
a constant C such that for all s in T _1 (/p) and all (x,y) m R d x R d 

K {s) {x,y) < Ca~i e ^ 2 -^ Q ^ x ' y l 



Proof. As in the proof of Lemma 15.51 it is enough to prove the inequality for the 
kernel hf(x,y), with 9 = (61, . . . , 6 d ) G R d , 9j > 0. Let {0i,...,0 m } be the 
nonzero components of 0, i.e. the absolute values of the nonzero eigenvalues of R. 
Denote by 9 max the maximum of {0i, . . . , 9 m } . 

Fix 5 = min {0~a X , 1/10} and let e be a small positive constant (e < 1/10 will 
do). Define / = [S, (l + e)<5] . For all 9 G {9\, . . . , 9 m } the functions 1 1— > cos(9t) and 
1 1 ► sin((%) are periodic of period P and by considering their Taylor expansions at 
zero it is easy to see that for all 9 G {0i, . . . , 9 m } 

(5.22) c < 1 - cos(9t) < c 2 , sin(0i) < a V< G I p , 

where 



(5.23) co = —6*8* ci = (l + e)50 and c 2 

Arguing as in the proof of Lemma 15.51 we may reduce matters to showing that if 
9 G {0i, . . . , 9 m } then there exists a constant C such that 

(5.24) e-^ a ^ x ' y h T{s)e (x,y) < C Vser'fJ*) V(i,i/)el 2 xl 2 . 
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For the sake of the reader we recall that 



(5.25) 



K(s){x,y) = (e~ i-V'" [(i-cos(te)) (x, y )+sin(te) x/\ y ] 



t=r(s) 



(5.26) = e" 

The set R 2 x R 2 is the disjoint union of the three sets 

Ri ={(x, y) e R 2 x M 2 : (x, y) > 0, x A y > 0} 
R 2 ={(x, y) e R 2 x R 2 : (x,y) > 0, x A y < 0}, 
fi 3 ={(3;,y)eK 2 xl 2 : (x,y) < 0}. 

We shall prove that (|5.24[) holds in each region Rj , j = 1, 2, 3. 

To prove (|5.24[) in Ri it is enough to observe that here kte{x,y) < 1 for all t in 
R+. 

Now suppose that (x, y) is in R 2 . Then, by (|5.22|) and (I5.25|) we have that 

(5.27) k T{3)0 (x,y) < e^O^H^) y s g r -i(4). 



Thus 



where 



F s (x, y) = p(x,y) s 2 + q(x,y) s + r(x, y) 
9 

P{x, y) = - Jq\x + y\ 2 + c (x, y) +c x x Ay, 
1 8 

q(x,y) = -(\y\ 2 -\xn 
9 

r(x,y) = - — \x -y\ - c (x, y) - a x A y, . 

Thus, to prove (|5.24p in i?2 , we only need to show that F s (x, y) < for all (x, y) S 
Ri. 

It is an easy matter to see that, with Co and c\ as in (|5.23[) . the leading coefficient 
p(x, y) and the constant term r(x, y) are negative for all {x, y) in R% ■ Thus it 
suffices to show that the discriminant q 2 — Apr is nonpositive in i?2 ■ If \y\ = \x\ 
this is obvious, because then q(x,y) = 0. If \y\ ^ \x\, after some simple algebra 
using the identity 

\x + y\ 2 \x - y\ 2 = (\y\ 2 - \x\ 2 ) 2 + 4sm 2 (D) \x\ 2 \y\ 2 , 

we see that (q 2 — Apr) |a;| _2 |y| -2 is only a function of the angle d between x and 
y . Thus its sign does not change if we rescale in i. In particular we may reduce 
matters to the case \y\ = \x\, where q = 0. This proves that F s (x,y) < for all 
(x,y) in R 2 and s in R. By (fOT)) this implies that (j5T24|) holds in R 2 . 

Finally suppose that (x, y) is in i? 3 . We have that 

exp | _ ^2s(a;,y)| k T (s)e{x,y) < exp j-?- G s (x, y)\ , 
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where 

G s (x,y) = p(x,y)s 2 + q(x,y) s + r(x,y), 
9 

p(x,y) = ~Jq\ x + v\ 2 - c 2 \ {x,y) \ + ci \xAy\, 

1 8 

q(x,y) = -(\y\ 2 -\x\ 2 ), 
9 

r(x,y) =~Jq \x - y\ 2 + c 2 \(x,y)\~ c x \xAy\, 

and Ci , C2 are as in (|5.23p . Thus to prove the desired inequality (|5.24[) , we only 
need to show that G s (x,y) < in i? 3 . Since it is easy to see that both p and f 
are negative in R3 , as before we only need to prove that q 2 — Apr < in R3 . This 
can be proved by an argument similar to that used in R2 . We omit the details. 

Hence (|5.24[) holds for all (x, y) in R 2 x M 2 . This concludes the proof of the 
lemma. 

□ 

We recall two lemmas from [4]. 

Lemma 5.7. Let ■& = -dix^y) denote the angle between the non-zero vectors x and 
y . There exists a constant C such that for all (x, y) in the global region G 

sup s - d / 2 e -4^S.(x )2/ ) <Cmin{(l + |a;|) d ,(|^|sini?)- d } 

0<s<l 

Lemma 5.8. The operator 

Tf(x) = el*' 2 J min {(1 + \x\) d , (\x\ sin^)- d } f(y) d loo (y) 

is of weak type 1 . 

We are now ready to conclude the proof of Theorem 15.11 

Proof. Let A denote either the set [0,to] or Ip. By Proposition 15.41 the local part 
of the operator TI*.a is of weak type 1 . Thus it remains only to prove that the 
global part is of weak type 1. By (|5.1[) . Lemma \5. 51 . Lemma \5. 61 and Lemma [5T71 
the global part of the operator TL^^a is controlled by the operator T, which is of 
weak type 1 by Lemma 15.81 The conclusion follows by Lemma 15.21 □ 
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